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Abstract
The nonlocal symmetry is derived from the known Darboux transformation (DT) of the Hirota-Satsuma coupled
KdV (HS-cKdV) system, and infinitely many nonlocal symmetries are obtained by introducing some internal pa-
rameters. By extending the HS-cKdV system to an auxiliary system with five dependent variables, the prolongation
is found to localize the nonlocal symmetry related to the DT. Base on the enlarged system, the finite symmetry
transformations and similarity reductions about the local symmetries are computed, which lead to some novel exact
solutions of the HS-cKdV system. These solutions contain some new solutions from old ones by the finite symme-
try transformation and exact interaction solutions among solitons and other complicated waves including periodic
cnoidal waves and Painleve´ waves through similarity reductions. Some integrable models from the nonlocal sym-
metry related to the DT are obtained in two aspects: the negative HS-cKdV hierarchy obtained by introducing the
internal parameter and integrable models both in lower and higher dimensions given by restricting the symmetry
constraints.
1. Introduction
Symmetry study is always a powerful method in physics and other natural and applied sciences, especially,
in integrable systems and solion theory [1, 2]. For one known symmetry of a differential system, there are some
important applications, such as obtaining new solutions from old ones via corresponding finite transformation
[1–3], reducing dimensions of differential system by similarity reductions [1, 2, 4–6] and getting new integrable
hierarchies and higher dimensional integrable models from original integrable models [7–10] and so on. A lot of
work has devoted to finding the general Lie symmetry by using the classical or nonclassical Lie group method in
the past years. However, since it is still challengeable to seek nonlocal symmetries for a given differential system
[11–13], only a few papers have paid attention to the relevant research. Most recently, some efficient techniques
for searching nonlocal symmetries of differential equations have been proposed and developed. For example, one
can obtained infinite many nonlocal symmetries by recursion operators and their inverses [13–17], the conformal
invariant form (Schwartz form) [9, 10], Darboux transformation (DT) [18–21], Ba¨cklund transformation [22],
pseudopotentials [3] and potential system [2] and so on.
However, the finite symmetry transformations and similarity reductions cannot be directly calculated from the
nonlocal symmetry. This fact leads to few works to construct explicit solutions for the related differential equa-
tion(s) in this aspect. Fortunately, the localization of nonlocal symmetry through introducing potential [2] and
pseudopotential-type [23–25] symmetries which possess close prolongation extends the applicability of symme-
try method to obtain some new solutions of differential equations. Base on this method, new finite symmetry
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transformations can be derived (for example, the finite symmetry transformations obtained from DT and the initial
DT are different but possess same infinitesimal form [20]) and the original equation(s) need to be expanded into
some prolonged systems [3, 20, 22]. Further, to solve these prolonged systems generates some novel exact interac-
tion solutions among solitons and other complicated waves including periodic cnoidal waves and Painleve´ waves
[20, 22]. Practically, these novel solutions unearthed have potentially important applications in some physical
fields [26–28].
Moreover, to find new integrable models is another important application of symmetry study. For (1+1)-
dimensional integrable model, the recursion operator [29–31] is a valid method to produce the integrable hierarchy.
Very recently, Lou [14–17] has extended some negative hierarchy through utilizing the inverse recursion operator
for (1+1)-dimensional integrable models and introducing some internal parameters for (2+1)-dimensional inte-
grable models [10]. In addition, making use of the nonlinearization of Lax pair under certain constraints between
potentials and eigenfunctions, Cao has developed a systematic approach to find finite-dimensional integrable sys-
tems [32–34]. In particular, it has also been pointed that by restricting a symmetry constraint to the Lax pair of the
soliton equation, one can not only obtain the lower dimensional integrable models from higher ones, but can also
embed the lower ones into higher dimensional integrable models [9, 19, 35].
In this paper, we concentrate on the nonlocal symmetry of the Hirota-Satsuma coupled KdV (HS-cKdV) system
and their applications. Firstly, the nonlocal symmetry is derived from the known DT of the HS-cKdV system, and
infinitely many nonlocal symmetries are obtained by introducing some internal parameters. The prolongation
of the nonlocal symmetry related to the DT is found by extending the HS-cKdV system to an auxiliary system
with five dependent variables. Then, the finite symmetry transformations and similarity reductions about the
corresponding local symmetries are computed for giving novel exact solutions of the HS-cKdV system. These
solutions contain some new solutions from old ones by the finite symmetry transformations and exact interaction
solutions among solitons and other complicated waves including periodic cnoidal waves and Painleve´ waves by
similarity reductions. The another work of the paper is to extend the HS-cKdV system to some new integrable
models from the nonlocal symmetry related to the DT in two aspects: the negative HS-cKdV hierarchy obtained
by introducing the internal parameter and some other integrable models both in finite and infinite dimensions given
by restricting the symmetry constraints.
The HS-cKdV system
ut =
1
2
uxxx + 3uux − 6vvx, (1.1)
vt = −vxxx − 3uvx, (1.2)
is proposed as the coupled KdV system by Hirota and Satsuma, which describes interactions of two long waves
with different dispersion relations [36]. In a following paper [37], these authors shown that this coupled KdV
system is the four-reduction of the celebrated KP hierarchy and its soliton solutions can be derived from ones
of the KP equation. Meanwhile, Wilson [38] observed that the HS-cKdV system is just an example of many
integrable systems arose from the Drinfeld-Sokolov theory [39, 40]. Some significant properties of the HS-cKdV
system have been revealed in the past years. For instance, the HS-cKdV system possesses bilinear form [36, 41],
Lax pair [42, 47, 48], Ba¨cklund transformations [43], Darboux transformations [44–46], Painleve´ property [47, 48],
infinitely many symmetries and conservation laws [29] etc.
The paper is organized as follows. In Sec.II, the nonlocal symmetry is derived from the DT of the HS-cKdV
system, and more nonlocal symmetries can be produced from one seed symmetry through introducing some inner
parameters. A prolonged system to localize the nonlocal symmetry is presented by extending the HS-cKdV system.
The finite symmetry transformations of prolonged local symmetries and similar reductions of the prolonged system
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are presented, and some new exact solutions of the original system are obtained. Section III is devoted to finding
the negative HS-cKdV hierarchy by introducing the internal parameter and integrable models both in lower and
higher dimensions by restricting the symmetry constraints. The last section are conclusions and discussions.
2. Non-local symmetries via Darboux transformation
It is known that DT is the most direct and yet elementary approach for the construction of exact solutions.
Using this method, one can obtain new solutions fron old solutions through simple iteration. In this section, we
use the invariant properties of differential equations exhibited by DT to deduce the nonlocal symmetries of the
HS-cKdV system (1.1)-(1.2).
The Lax pair for the HS-cKdV system (1.1)-(1.2) reads [42, 47, 48]
ψ1xx = −(u + v)ψ1 − λψ2, (2.1)
ψ2xx = −(u − v)ψ2 + λψ1, (2.2)
ψ1t = −12(ux − 2vx)ψ1 + (u − 2v)ψ1x − 2λψ2x, (2.3)
ψ2t = −12(ux + 2vx)ψ2 + (u + 2v)ψ2x + 2λψ1x, (2.4)
where {u, v} is a solution of Eqs.(1.1)-(1.2) and λ is a spectral parameter.
In Ref.[45, 46], Hu and Liu had constructed the DT for the HS-cKdV system from singularity analysis and
reduction of a binary DT. We rewrite it here.
Proposition 1[45, 46] The DT of Eqs.(1.1)-(1.2) is expressed by
u¯ = u + 2(ln θ)xx, v¯ = v + ψ2ψ1x − ψ1ψ2x
θ
, (2.5)
with
θx = ψ1ψ2, θt = 2λ(ψ21 − ψ22) − 2ψ1xψ2x − uψ1ψ2. (2.6)
Proposition 2
σ1 = (σu1, σv1) ≡
((θ2
θ1
)
xx
,
W[φ2, ˜φ1] − W[φ1, ˜φ2]
θ1
+
θ2W[φ1, φ2]
θ21
)
(2.7)
is a symmetry of the HS-cKdV system (1.1)-(1.2) with {u, v} replaced by {U,V}, where φ1, φ2, ˜φ1, ˜φ2 and θ1, θ2
satisfy the following equations:
φ1xx = −( ¯U + ¯V)φ1, φ1t = −12(
¯Ux − 2 ¯Vx)φ1 + ( ¯U − 2 ¯V)φ1x, (2.8)
φ2xx = −( ¯U − ¯V)φ2, φ2t = −12(
¯Ux + 2 ¯Vx)φ2 + ( ¯U + 2 ¯V)φ2x, (2.9)
˜φ1xx = −( ¯U + ¯V) ˜φ1 − φ2, ˜φ1t = −12 (
¯Ux − 2 ¯Vx) ˜φ1 + ( ¯U − 2 ¯V) ˜φ1x − 2φ2x, (2.10)
˜φ2xx = −( ¯U − ¯V) ˜φ2 + φ1, ˜φ2t = −12 (
¯Ux + 2 ¯Vx) ˜φ2 + ( ¯U + 2 ¯V) ˜φ2x + 2φ1x, (2.11)
and
θ1 =
∫
φ1φ2dx + α(t), θ1t = −2φ1xφ2x − ¯Uφ1φ2, (2.12)
θ2 =
∫
φ1 ˜φ2 + φ2 ˜φ1dx + β(t), θ2t = 2(φ21 − φ22) − 2(φ1x ˜φ2x + φ2x ˜φ1x) − ¯U(φ1 ˜φ2 + φ2 ˜φ1), (2.13)
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where ¯U ≡ U − 2(ln θ1)xx, ¯V ≡ V − [φ2,φ1]θ1 , W[a, b] ≡ abx − bax, and {α(t), β(t)} are functions of t.
Proof. Setting φ1≡ψ1(x, t, 0), φ2≡ψ2(x, t, 0), ˜φ1≡ψ1λ(x, t, 0), ˜φ2≡ψ2λ(x, t, 0), θ1≡θ(x, t, 0) and θ2≡θλ(x, t, 0). Fur-
thermore, defining U = u + 2(ln θ1)xx and V = v + [φ2,φ1]θ1 . From proposition 1, we know that U,V is a solution of
the HS-cKdV system (1.1) and (1.2). Now we formally expand u¯ and v¯ in powers of λ. We obtain
u¯ = U + λ
[(
2 ∂
2
∂x2
lnψ
)
λ
∣∣∣∣∣
λ=0
]
+ O(λ2) = U + 2λ
(θ2
θ1
)
xx
+ O(λ2), (2.14)
v¯ = V + λ
[(W[ψ2, ψ1]
θ
)
λ
∣∣∣∣∣
λ=0
]
+ O(λ2)
= V + λ
(W[φ2, ˜φ1] − W[φ1, ˜φ2]
θ1
+
θ2W[φ1, φ2]
θ21
)
+ O(λ2). (2.15)
Thus (σ1, σ2) is a symmetry of HS-cKdV system (1.1) and (1.2) with respect to U and V . Then, substituting
u = U − 2(ln θ1)xx and v = V − [φ2,φ1]θ1 in (1.1) and (1.2), one can derive (2.8)-(2.13). Finally, we have completed
the proof of proposition 2.
Furthermore, a direct calculation shows that if φ1 and φ2 satisfies (2.8) and (2.9), then
˜φ1 = −φ1
∫ [ 1
φ21
∫
φ1φ2dx
]
dx + F1φ1
∫
1
φ21
dx + F2φ1, (2.16)
˜φ2 = −φ2
∫ [ 1
φ22
∫
φ2φ2dx
]
dx +G1φ2
∫ 1
φ22
dx +G2φ2, (2.17)
is a solution of (2.10) and (2.11), where F1, F2,G1 and G2 are arbitrary constants.
On the other hand, from Eqs.(2.8) and (2.9), one can find such a fact that if {φ1, φ2} is a solution of (2.8) and
(2.9), then {φ1, φ2} has the following relation to Lax pairs (2.1)-(2.3) with λ = 0:
φ1 = −A1
∫
1
ψ21
+ A2, φ2 = A3
ψ2
ψ1
∫
1
ψ22
+ A4
ψ2
ψ1
, (2.18)
with the constraint,
A3
∫
1
ψ21
∫
1
ψ22
+ A1A4
∫
1
ψ21
− A2A3
∫
1
ψ22
− A2A4 = ψ1x
ψ1ψ2
, (2.19)
where A1, A2, A4 and A4 are arbitrary constants.
Now, substituting (2.12),(2.13) and (2.16)-(2.19) in the symmetry (2.7), we obtain a different nonlocal sym-
metry of the HS-cKdV system corresponding to Lax pairs (2.1)-(2.3). In other words, the nonlocal symmetry we
obtained finally is exhibited by ψ1, ψ2 in Eqs.(2.1)-(2.3). The final expression of this nonlocal symmetry is very
complicated, we omit it here. However, we find that many arbitrary constants and functions with respect to t exist
in the last form of the symmetry derived. Therefore, we only concern about part of our result, which still is a
nonlocal symmetry of the original equations. So we select the coefficient of β(t) in the complex expression of this
symmetry for the further investigation in the following paper. We have
Proposition 3 σ2 = (σu2, σv2) is a nonlocal symmetry of HS-cKdV system (1.1)-(1.2), where
σu2 = 2A1A3Λ1
∫ 1
ψ21
∫ 1
ψ22
+ 2A1(A4Λ1 + A3 ψ1
ψ2
)
∫ 1
ψ21
− 2A3(A2Λ1 − A1 ψ2
ψ1
)
∫ 1
ψ22
−2A2A4Λ1 + 2A1A4 ψ2
ψ1
− 2A2A3 ψ1
ψ2
, (2.20)
σv2 = −A1A3Λ2
∫ 1
ψ21
∫ 1
ψ22
− A1(A4Λ2 + A3 ψ1
ψ2
)
∫ 1
ψ21
+ A3(A2Λ2 + A1 ψ2
ψ1
)
∫ 1
ψ22
+A2A4Λ2 + A1A4
ψ2
ψ1
+ A2A3
ψ1
ψ2
, (2.21)
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and Λ1 = (ψ1ψ2)x, Λ2 = W[ψ1, ψ2], meanwhile ψ1, ψ2 satisfy Eqs.(2.1)-(2.4) with λ = 0.
Moreover, it is easily verified the fact that Lax pairs (2.1)-(2.4) is invariant under the transformations:
ψ1 → ¯ψ1 = ψ1
∫
1
ψ21
dx, ψ2 → ¯ψ2 = ψ2
∫
1
ψ22
dx. (2.22)
With the aid of the above transformations (2.22), the nonlocal symmetry σ2 in Proposition 3 can be rewritten by
the form: −A1A3Λ( ¯ψ1, ¯ψ2) − A1A4Λ( ¯ψ1, ψ2) + A2A3Λ(ψ1, ¯ψ2) + A2A4Λ(ψ1, ψ2) with Λ = (2Λ1,Λ2). Considering
the inverse transformations of (2.22), one can easily know
Proposition 4 If ψ1, ψ2 satisfy Lax pair in Eqs.(2.1)-(2.4) with λ = 0, then
σ3 = (σu3, σv3) ≡
(
− 2(ψ1ψ2)x, ψ1ψ2x − ψ2ψ1x
)
(2.23)
is a seed symmetry of the HS-cKdV system (1.1)-(1.2).
Remark 1 In fact, if ψ1, ψ2 satisfy Lax pair in Eqs.(2.1)-(2.4) with the arbitrary spectral parameter λ, σ3 in
(2.23) is still a symmetry of the HS-cKdV system. This fact is easily verified by direct calculation.
In Ref.[19, 35], the author presented one kind of method to seek for more symmetries via differentiating a
known one with respect to inner parameters:
Proposition 5 If a λ-dependent function σ0(λ) is a symmetry of the HS-cKdV system (1.1)-(1.2) with
λ≡{λ1, λ2, ...λr}, then
σn ≡ d
{n}
dλ{n}
σ0(λ) ≡ d
{n1}
dλ{n1}1
d{n2}
dλ{n2}2
· · · d
{nr}
dλ{nr}r
σ0(λ) (2.24)
is also a symmetry of the same HS-cKdV system (1.1)-(1.2) for {n}≡{n1, n2, · · · , nr}.
Using the Proposition 4 and Proposition 5, we can get a set of infinitely many new nonlocal symmetries. For
instance, if we suppose {ψ1, ψ2} and { ˆψ1, ˆψ2} are two solutions of the Lax pair in Eqs.(2.1)-(2.3), then
σ(λ1, λ2) ≡
(
σu(λ1, λ2), σv(λ1, λ2)
)
with
σu(λ1, λ2) = −2[(λ1ψ1 + λ2 ˆψ1)(λ1ψ2 + λ2 ˆψ2)]x,
σv(λ1, λ2) = (λ1ψ1 + λ2 ˆψ1)(λ1ψ2 + λ2 ˆψ2)x − (λ1ψ2 + λ2 ˆψ2)(λ1ψ1 + λ2 ˆψ1)x,
and ∂n1+n2
∂λ
n1
1 ∂λ
n2
2
σ(λ1, λ2) are also symmetries of the HS-cKdV system (1.1)-(1.2).
3. Localization of the non-local symmetry and exact solutions
3.1. Localization of the non-local symmetry from DT
In this section, we devote to study the symmetry from DT given by Eq.(2.23) in above section. First, we rewrite
it as
σu = −2ψ1ψ2x − 2ψ2ψ1x, σv = ψ1ψ2x − ψ2ψ1x, (3.1)
which apparently contain derivative terms ψ1x and ψ2x. Hence, by introducing new dependent variables ϕ1≡ϕ1(x, t)
and ϕ2≡ϕ2(x, t) with
ϕ1 = ψ1x, ϕ2 = ψ2x, (3.2)
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the above symmetry (3.1) is converted into
σu = −2ψ1ϕ2 − 2ψ2ϕ1, σv = ψ1ϕ2 − ψ2ϕ1. (3.3)
In the following, we shall list the linearized equations of Eqs. (2.1)-(2.2) and (3.2) with λ = 0,
σ
ψ1
xx + (u + v)σψ1 + (σu + σv)ψ1 = 0,
σ
ψ2
xx + (u − v)σψ2 + (σu − σv)ψ2 = 0, (3.4)
σ
ψ1
x − σϕ1 = 0, σψ2x − σϕ2 = 0.
where σu and σv is given by (3.3) and σψ1 , σψ2 , σϕ1 and σϕ2 denote the symmetries of ψ1, ψ2, ϕ1 and ϕ2, respec-
tively.
Observing from Eq.(2.1) and (2.2), one can easily deduce that solution of (3.4) has the form:
σψ1 = pψ1, σψ2 = pψ2, (3.5)
σϕ1 = ψ21ψ2 + pϕ1, σ
ϕ2 = ψ1ψ
2
2 + pϕ2. (3.6)
where p≡p(x, t) is a new potential variable which we introduced to make the prolonged system close completely,
and it satisfies identically the compatibility conditions:
px = ψ1ψ2, pt = −uψ1ψ2 − 2ϕ1ϕ2. (3.7)
Furthermore, the linearized equation of its symmetry σp read
σ
p
x = ψ1σ
ψ2 + ψ2σ
ψ1 . (3.8)
and a straightforward calculation shows that σp has the simple form
σp = p2. (3.9)
Finally, the prolongation for nonlocal symmetry (3.1) is successfully localized by introducing variables {ψ1,
ψ2, ϕ1, ϕ2, p} on the original variables {u, v} with the equivalent vector expression
V = −2(ψ1ϕ2 + ψ2ϕ1) ∂
∂u
+ (ψ1ϕ2 − ψ2ϕ1) ∂
∂v
+ pψ1
∂
∂ψ1
+ pψ2
∂
∂ψ2
+(ψ21ψ2 + pϕ1)
∂
∂ϕ1
+ (ψ1ψ22 + pϕ2)
∂
∂ϕ2
+ p2
∂
∂p
. (3.10)
Here, it is worthy to mention that if further consider the differential equation of the introduced variable p from
above localized procedure, one can find the corresponding differential equation is nothing but the Schwartz form
of the HS-cKdV system (1.1)-(1.2)
3H3x − 6HHxHxx + 4H2
(
2Ct − (C2)x − 4CSx +Hxxx − Cxxx
)
+ 16H3Sx = 0, (3.11)
where H = S + 2C, S = pxxxpx −
3p2xx
p2x
and C = − ptpx are all invariant under Mo¨bious (conformal) transformation. The
reason lies that the finite Mo¨bious transformation
p → a + bp
c + dp , (ad , bc)
possess its infinitesimal transformation p → p + ǫp2 in special case a = 0, b = c = 1 and d = −ǫ. The fact show
us that the corresponding Schwartz form of a given differential equation derived usually by utilizing singularities
analysis method can also be obtained through localization of the nonlocal symmetry from DT. Therefore, this
method may provide a potential application to find Schwartz form of some integrable models, especially discrete
integrable models which have some known DTs.
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3.2. Finite symmetry transformation
For the related prolonged system from symmetry (3.1), it is natural to seek the finite transformation form of
(3.10). By using Lie’s first theorem, we need to solve the following initial value problem
duˆ(ǫ)
dǫ = −2
ˆψ1ϕˆ2 − 2 ˆψ2ϕˆ1, dvˆ(ǫ)dǫ =
ˆψ1ϕˆ2 − ˆψ2ϕˆ1, d
ˆψ1(ǫ)
dǫ = pˆ
ˆψ1,
d ˆψ2(ǫ)
dǫ = pˆ
ˆψ2,
dϕˆ1(ǫ)
dǫ =
ˆψ21 ˆψ2 + pˆϕˆ1,
d ˆφ2(ǫ)
dǫ =
ˆψ1 ˆψ
2
2 + pˆϕˆ2,
dpˆ(ǫ)
dǫ = pˆ
2, (3.12)
uˆ(0) = u, vˆ(0) = v, ˆψ1(0) = ψ1, ˆψ2(0) = ψ2, ϕˆ1(0) = ϕ1, ϕˆ2(0) = ϕ2, pˆ(0) = p,
where ǫ is the group parameter.
By solving the initial value problem (3.12), we arrive at the symmetry group theorem as follow:
Theorem 1 If {u, v, ψ1, ψ2, ϕ1, ϕ2, p} is the solution of the extended system consist of (1.1)-(2.4), (3.2) and (3.7)
with λ = 0, so is {uˆ, vˆ, ˆψ1, ˆψ2, ϕˆ1, ϕˆ2, pˆ}
uˆ = u − 2ǫ(ψ1ϕ2 + ψ2ϕ1)
1 − ǫp −
2ǫ2ψ21ψ
2
2
(1 − ǫp)2 ,
vˆ = v +
ǫ(ψ1ϕ2 + ψ2ϕ1)
1 − ǫp +
ǫ2ψ21ψ
2
2
(1 − ǫp)2 ,
ˆψ1 =
ψ1
1 − ǫp ,
ˆψ2 =
ψ2
1 − ǫp , (3.13)
ϕˆ1 =
ϕ1
1 − ǫp +
ǫψ2ψ
2
1
(1 − ǫp)2 , ϕˆ2 =
ϕ2
1 − ǫp +
ǫψ1ψ
2
2
(1 − ǫp)2 ,
pˆ =
p
1 − ǫp ,
with ǫ is arbitrary group parameter.
For example, starting from the simple solution {u = λ212 −
λ22
2 , v =
λ22
2 −
λ21
2 } of (1.1) and (1.2), we can derive the
corresponding special solutions for the introduced dependent variables from (2.1)-(2.4), (3.2) and (3.7) under the
condition λ = 0,
ψ1 = cosh
(
λ1 x +
λ1(λ21 − 3λ22)
2
t + ξ10
)
,
ψ2 = cosh
(
λ2 x +
λ2(λ22 − 3λ21)
2
t + ξ20
)
,
φ1 = λ1 sinh
(
λ1x +
λ1(λ21 − 3λ22)
2
t + ξ10
)
, (3.14)
φ2 = λ2 sinh
(
λ2x +
λ2(λ22 − 3λ21)
2 t + ξ20
)
,
p =
sinh ξ1
2λ1 − 2λ2 +
sinh ξ2
2λ1 + 2λ2
+ ξ0.
Substituting (3.14) into (3.13) leads to the non-trivial solution of HS-cKdV system (1.1)-(1.2)
u = −λ
2
1
2
− λ
2
2
2
+
ǫ[(λ1 − λ2) sinh ξ1 + (λ1 + λ2) sinh ξ2]
ǫ( sinh ξ12λ1−2λ2 +
sinh ξ2
2λ1+2λ2
+ ξ0) − 1
− ǫ
2(cosh ξ1 + cosh ξ2)2
16[ǫ( sinh ξ12λ1−2λ2 +
sinh ξ2
2λ1+2λ2
+ ξ0) − 1]2
,
v = −λ
2
1
2
+
λ22
2
− ǫ[(λ1 − λ2) sinh ξ1 + (λ1 + λ2) sinh ξ2]
2ǫ( sinh ξ12λ1−2λ2 +
sinh ξ2
2λ1+2λ2
+ ξ0) − 2
+
ǫ2(cosh ξ1 + cosh ξ2)2
32[ǫ( sinh ξ12λ1−2λ2 +
sinh ξ2
2λ1+2λ2
+ ξ0) − 1]2
, (3.15)
with
ξ1 = (λ1 − λ2)[x +
λ21 + 4λ1λ2 + λ
2
2
2
t] + ξ10 − ξ20,
ξ2 = (λ1 + λ2)[x +
λ21 − 4λ1λ2 + λ22
2
t] + ξ10 + ξ20,
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where ξ0, ξ10 and ξ20 are arbitrary constants.
It is necessary to point out that the finite transformation exhibited in Theorem 1 is distinct from the original
DT in above section. Indeed, it is equivalent to the so-called Levi transformation, or the second type of Darboux
transformations. At the algebra level, two different types of finite transformation possesses the same infinitesimal
expression (3.1). Besides, the last equation of (3.13) is nothing but the corresponding Mo¨bious transformation in
the front analysis about Schwartz form (3.11) of the original system.
3.3. Similarity reductions of the prolonged system
In this section, our main aim is to seek for some exact solutions from the prolonged system to construct some
novel solutions of original HS-cKdV system. Therefore, we employ the classical Lie symmetry method to search
for similarity reductions of the whole prolonged system.
Accordingly, we consider the one-parameter group of infinitesimal transformations in {x, t, u,v,ψ1,
ψ2,ϕ1,ϕ2,p} given by
{x, t, u, v, ψ1, ψ2, ϕ1, ϕ2, p}→{x+ǫX, t+ǫT, u+ǫU, v+ǫV, ψ1+ǫψ1, ψ2+ǫΨ2, ϕ1+ǫΦ1, ϕ2+ǫΦ2, p+ǫP}
with
σu = Xux + Tut − U, σv = Xvx + Tvt − V,
σψ1 = Xψ1x + Tψ1t − Ψ1, σψ2 = Xψ2x + Tψ2t −Ψ2,
σϕ1 = Xϕ1x + Tϕ1t −Φ1, σϕ2 = Xϕ2x + Tϕ2t −Φ2, (3.16)
σp = Xpx + T pt − P,
where X, T,U,V,Ψ1,Ψ2,Φ1,Φ2 and P are functions with respect to {x, t, u, v, ψ1, ψ2, ϕ1, ϕ2, p}, and ǫ is a small
parameter. Substituting (3.16) into the symmetry equations, i.e., the linearized equations of the prolonged system
obtained in above section
σut −
1
2
σuxxx − 3uσux − 3σuux + 6vσvx + 6σvvx = 0, σvt + σvxxx + 3σuvx + 3uσvx = 0
σ
ψ1
xx + (u + v)σψ1 + (σu + σv)ψ1 = 0, σψ2xx + (u − v)σψ2 + (σu − σv)ψ2 = 0,
σ
ψ1
t +
1
2
σψ1 (ux − 2vx) + 12ψ1(σ
u
x − 2σvx) − (u − 2v)σψ1x − (σu − 2σv)ψ1x = 0,
σ
ψ2
t +
1
2
σψ2 (ux + 2vx) + 12ψ2(σ
u
x + 2σvx) − (u + 2v)σψ2x − (σu + 2σv)ψ2x = 0, (3.17)
σ
ψ1
x − σϕ1 = 0, σψ2x − σϕ2 = 0,
σ
p
x − ψ1σψ2 − ψ2σψ1 = 0, σpt + u(ψ1σψ2 + ψ2σψ1 ) + σuψ1ψ2 + 2φ1σϕ2 + 2φ2σϕ1 = 0,
then collecting together the coecients of the dependent variables and their partial derivatives, and setting all of them
to zero, yields a system of overdetermined, linear equations for the infinitesimals {X, T,U,V,Ψ1,Ψ2,Φ1,Φ2, P}. By
solving these equations, one can get
X = c1x + c4, T = 3c1t + c2,
U = −2c1u − 2c3(ψ1ϕ2 + ψ2ϕ1), V = −2c1v + c3(ψ1φ2 − ψ2φ1),
Ψ1 = c3 pψ1 + c5ψ1, Ψ2 = c3 pψ2 + c6ψ2, (3.18)
Φ1 = c3(ψ21ψ2 + pϕ1) − (c1−c5)ϕ1, Φ2 = c3(ψ1ψ22 + pϕ2) − (c1−c6)ϕ2,
P = c3 p2 + (c5 + c6)p + c1 p + c7,
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where ci (i=1...7) are arbitrary constants. Especially, when c1 = c2 = c4 = c5 = c6 = c7 = 0, the degenerated
symmetry is just one (3.10), and when c3 = c5 = c6 = c7 = 0, the related symmetry is only the general Lie point
symmetry of the HS-cKdV system (1.1)-(1.2).
To give some corresponding group invariant solutions, we need to solve the following characteristic equations:
dx
X
=
dt
T
=
du
U
=
dv
V
=
dψ1
Ψ1
=
dψ2
Ψ2
=
dϕ1
Φ1
=
dϕ2
Φ2
=
dp
P
. (3.19)
Next, we consider several different similarity reductions arising from (3.19) under the condition c3 , 0 in some
detail.
Reduction 1 c1 , 0
Without loss of generality, we assume c2 = c4 = c5 = c6 = 0 and redefine k2 =
c21−4c3c7
36c21
. Then, two different
situations, k , 0 and k = 0, need to be further considered, respectively.
Case 1 k , 0. We obtain similarity solutions
u =
U(z)
t
2
3
+
2c3
9c21k2t
2
3
exp(−23 P(z)){3c1k[Ψ1(z)Φ2(z)+Ψ2(z)Φ1(z)] tanh z1−c3Ψ
2
1(z)Ψ22(z)sech2z1},
v =
V(z)
t
2
3
+
c3
3c1kt
2
3
exp(−23 P(z))[Ψ1(z)Φ2(z) −Ψ2(z)Φ1(z)] tanh z1,
ψ1 =
Ψ1(z)
t
1
6
exp(−16 P(z))sechz1, ψ2 =
Ψ2(z)
t
1
6
exp(−16 P(z))sechz1, (3.20)
ϕ1 =
1
3c1kt
1
2
exp(−1
2
P(z))[3c1kΦ1(x)sechz1 + c3Ψ21(z)Ψ2(z) tanh z1],
ϕ2 =
1
3c1kt
1
2
exp(−1
2
P(z))[3c1kΦ2(x)sechz1 + c3Ψ1(z)Ψ22(z) tanh z1],
p = − c1
2c3
(1 + 6k tanh z1),
with z1 = k(ln t + P(z)), and the similarity variable z = x/ 3
√
t.
Substituting (3.20) into the prolonged equations leads to
U(z) = −Ψ1zz(z)
2Ψ1(z) −
Ψ2zz(z)
2Ψ2(z) −
c3
9c1k2
exp(−13 P(z))[Ψ1(z)Ψ2z(z) + Ψ2(z)Ψ1z(z)]
−c
2
3(1 + 12k2)
108c21k4
exp(−23 P(z))Ψ
2
1(z)Ψ22(z),
V(z) = −Ψ1zz(z)
2Ψ1(z) +
Ψ2zz(z)
2Ψ2(z) +
c3
18c1k2
exp(−13 P(z))[Ψ1(z)Ψ2z(z) −Ψ2(z)Ψ1z(z)], (3.21)
Φ1 = exp(13 P(z))Ψ1(z) +
c3
18c1k2
Ψ
2
1(z)Ψ2(z), Φ2 = exp(
1
3 P(z))Ψ2(z) +
c3
18c1k2
Ψ1(x)Ψ22(z),
Ψ1(z) =
√
−3c1k
2
c3
Pz(z) exp(16 P(z) + Q(z)), Ψ2(z) =
√
−3c1k
2
c3
Pz(z) exp(16 P(z) − Q(z)),
and Pz(z) ≡ P1(z), Qz(z) ≡ Q1(z) satisfy ordinary differential equations
6P1zz(z)P1(z) − 9P21z(z) − 12P1(z) + 4P21(z)z + 36P21(z)Q21(z) − 12k2P41(z) = 0,
3Q1zzP1(z) − 4P1(z)Q1(z)z + 9Q1(z) − 24P1(z)Q31(z) = 0. (3.22)
By using the ARS algorithm, eliminating P1(z) and its derivative terms in first equation through the second
equation in Eq.(3.22), we obtain a four-order ordinary differential equation about the variable Q1(z). Then, we get
two possible branches: Q1(z) = Q10/(z − z0) with Q10={± 12 }, and the resonant points occurs at {−1, 1, 4, 5}. Then
detailed calculation show equations (3.22) can pass the Painleve´ test.
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Case 2 k = 0. We obtain similarity solutions
u =
U(z)
t
2
3
+
2c3
3c1t
2
3 z1
[Ψ1(z)Φ2(z) + Ψ2(z)Φ1(z)] −
2c23
9c21t
2
3 z21
Ψ
2
1(z)Ψ22(z),
v =
V(z)
t
2
3
− c3
3c1t
2
3 z1
[Ψ1(z)Φ2(z) −Ψ2(z)Φ1(z)], (3.23)
φ1 =
Φ1(z)
t
1
2 z1
− c3Ψ
2
1(z)Ψ2(z)
3c1t
1
2 z21
, φ2 =
Φ2(z)
t
1
2 z1
− c3Ψ1(z)Ψ
2
2(z)
3c1t
1
2 z21
,
ψ1 =
Ψ1(z)
t
1
6 z1
, ψ2 =
Ψ2(z)
t
1
6 z1
, p = − c1
2c3
− 3c1
c3z1
,
with z1 = ln t + P(z), and the similarity variable z = x/ 3
√
t.
Substituting (3.23) into the prolonged equations leads to
U(z) = −Ψ1zz(z)
2Ψ1(z) −
Ψ2zz(z)
2Ψ2(z) , V(z) = −
Ψ1zz(z)
2Ψ1(z) +
Ψ2zz(z)
2Ψ2(z) ,
Φ1 = Ψ1z(z), Ψ1(z) =
√
3c1
c3
Pz(z) exp(Q(z)), (3.24)
Φ2 = Ψ2z(z), Ψ2(z) =
√
3c1
c3
Pz(z) exp(−Q(z)),
and Pz(z) ≡ P1(z), Qz(z) ≡ Q1(z) satisfy ordinary differential equations
6P1zz(z)P1(z) − 9P21z(z) − 12P1(z) + 4P21(z)z + 36P21(z)Q21(z) = 0,
3Q1zzP1(z) − 4P1(z)Q1(z)z + 9Q1(z) − 24P1(z)Q31(z) = 0. (3.25)
For equations (3.25), eliminating P1(z) and its derivative terms in first equation through the second equation,
we obtain a four-order ordinary differential equation about the variable Q1(z). Similar to above subcase, we get
two possible branches: Q1(z) = Q10/(z − z0) with Q10={± 12 }, and the resonant points appears at {−1, 1, 4, 5}. Then
detailed calculation show equations (3.25) also possesses Painleve´ property.
Therefore, from the results in Reduction 1, one can observe that the last exact solutions of the original HS-
cKdV system will include hyperbolic function , Painleve´ solution and rational function, which represent the inter-
actions among solitary wave, Painleve´ wave and rational wave.
Reduction 2 c1 = 0.
For simplicity, we let c2 = 1 and redefine the parameter l2= (c5+c6)
2
4 −c3c7. Then, two subcases l , 0 and l = 0
are taken into account in this subsection.
Case 1 l , 0. We derive similarity solutions
u = U(z) − 2c3l [Ψ1(z)Φ2(z) + Ψ2(z)Φ1(z)] tanh z1 +
2c3
l2
Ψ
2
1(z)Ψ22(z)sech2z1,
v = V(z) + c3l [Ψ1(z)Φ2(z) −Ψ2(z)Φ1(z)] tanh z1,
ψ1 = exp(c5 − c62 t)Ψ1(z)sechz1, ψ2 = exp(
c6 − c5
2
t)Ψ2(z)sechz1, (3.26)
ϕ1 = l−1 exp(c5 − c62 t)[lΦ1sechz1 + c3Ψ
2
1(z)Ψ2(z) tanh z1sechz1],
ϕ2 = l−1 exp(c6 − c52 t)[lΦ2sechz1 + c3Ψ1(z)Ψ
2
2(z) tanh z1sechz1],
p = − 1
2c3
(c5 + c6 + 2l tanh z1),
with z1 = l(t + P(z)), and the similarity variable z = x − c4t.
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Substituting (3.26) into the prolonged equations leads to
U(z) = −Ψ1zz(z)
2Ψ1(z) −
Ψ2zz(z)
2Ψ2(z) −
c23
l2
Ψ
2
1(z)Ψ22(z),
V(z) = −Ψ1zz(z)
2Ψ1(z) +
Ψ2zz(z)
2Ψ2(z) ,
Φ1 = Ψ1z(z), Ψ1(z) =
√
−l2
c3P1(z) exp(
∫
Q1(z)dz), (3.27)
Φ2 = Ψ2z(z), Ψ2(z) =
√
−l2
c3P1(z) exp(−
∫
Q1(z)dz),
P1(z) = 4c43 +
8
3 Q
2
1(z) −
2Q1zz(z) + c5 − c6
6Q1(z) ,
and Q1(z) satisfy ordinary differential equations
Q21z(z) = a0 + a1Q1(z) + a2Q21(z) + a3Q31(z) + 4Q41(z), (3.28)
with a0 = 16l
2
a23
, a1 = c6 − c5 and a2 = 4c4.
To show more clearly of this kind of solution, we offer one special cases of the HS-cKdV system (1.1) and
(1.2) by solving Eq. (3.28). For instance, A simple solution of Eq. (3.28) takes the form
Q1(z) = b0 + b1sn(hz,m), (3.29)
which lead to the solution of the HS-cKdV system (1.1) and (1.2):
u = −6b20 +
1
4
h2(1 + m2) + (16b
4
0 − h4m2) + 2b0mh[8b20 − (1 + m2)h2]sn(hξ,m)
[2b0 + mhsn(hξ,m)]2
−µmh
2cn(hξ,m)dn(hξ,m) tanh[2µb0(t + z1)]
[2b0 + mhsn(hξ,m)]2 +
µ2sech2[2µb0(t + z1)]
2[2b0 + mhsn(hξ,m)]2 , (3.30)
v =
1
2
µ tanh[2µb0(t + z1)],
with z1 = 14b0
∫ ξ0
0 [2b0 +mhsn(hξ,m)]−1dz, ξ0 = x − [6b20 − 14 h2(1 +m2)]t and µ = [(4b20 − h2)(4b20 −m2h2)]
1
2
. Here,
sn, cn, and dn are usual Jacobian elliptic functions with modulus m.
From the expression of the last exact solution (3.30), we know that it potentially reflects the interaction between
the soliton and the cnoidal periodic wave. As Shin has mentioned [26–28], these soliton+cnoidal wave solutions
can be easily applicable to the analysis of physically interesting processes.
The dynamics behavior of the soliton+cnoidal wave solution given by (3.30) at two different choices of the
parameters b0, h and m are illustrated in Fig.1 and 2. In Fig. 1, when m,1, we can see that the component u
exhibits a bell-shaped bright soliton propagates on a cnoidal wave background, whereas, periodic wave in the
component v occurs at the corner of a kink-shaped soliton. When m=1, the Jacobian elliptic periodic functions in
(3.30) reduces to the general hyperbolic functions, so the characteristics of the two-soltion is depicted distinctly in
Fig. 2.
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Case 2 l = 0. We obtain similarity solutions
u = U(z) + 2c3
z1
[Ψ1(z)Φ2(z) + Ψ2(z)Φ1(z)] −
2c23
z21
Ψ
2
1(z)Ψ22(z)
v = V(z) + c3
z1
[Ψ2(z)Φ1(z) −Ψ1(z)Φ2(z)],
ψ1 = exp(c5 − c62 t)
Ψ1(z)
z1
, ψ2 = exp(c6 − c52 t)
Ψ2(z)
z1
, (3.31)
ϕ1 = exp(c5 − c62 t)[
Φ1(z)
z1
− c3Ψ
2
1(z)Ψ2(z)
z21
],
ϕ2 = exp(c6 − c52 t)[
Φ2(z)
z1
− c3Ψ1(z)Ψ
2
2(z)
z21
],
p = −c5 + c6
2c3
− 1
c3z1
,
with z1 = t + P(z), and the similarity variable z = x − c4t.
Substituting (3.31) into the prolonged equations leads to
U(z) = −Ψ1zz(z)
2Ψ1(z) −
Ψ2zz(z)
2Ψ2(z) , V(z) = −
Ψ1zz(z)
2Ψ1(z) +
Ψ2zz(z)
2Ψ2(z) ,
Φ1 = Ψ1z(z), Ψ1(z) =
√
1
c3P1(z) exp(
∫
Q1(z)dz), (3.32)
Φ2 = Ψ2z(z), Ψ2(z) =
√
1
c3P1(z) exp(−
∫
Q1(z)dz),
P1(z) = 4c43 +
8
3 Q
2
1(z) −
2Q1zz(z) + c5 − c6
6Q1(z) ,
and Q1(z) satisfy ordinary differential equations
Q21z(z) = a1Q1(z) + a2Q21(z) + a3Q31(z) + 4Q41(z) (3.33)
with a1 = c6 − c5 and a2 = 4c4.
Hence, in this subcase, from Eq.(3.33), the final exact solutions consisted of Jacobian elliptic periodic function
and rational function denote the interactions among cnoidal periodic waves and rational waves for the HS-cKdV
system.
4. Integrable models from nonlocal symmetry
4.1. Negative HS-cKdV hierarchy
As we known, the existence of infinitely many symmetry naturally leads to the existence of integrable hierar-
chies. For the general hierarchies, one can obtain them form a trivial symmetry of the original integrable system
using recursion operator. For example, considering the corresponding recursion operator [29–31], the HS-cKdV
system has the following high order symmetry
uτ = (12u4x + 5uu
2
x − 5vvxx +
5
2
u2x − 8uv2 + 5u3)x − v2ux, (4.1)
vτ = (−v4x − 2uxvx − 6uvxx − 53v
3)x − 3uxxvx − 5u2vx. (4.2)
It is remarkable that the reduction v = 0 in this symmetry gives us the Lax equation [49].
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Recently, Lou [14–17] has extended some (1+1)-dimensional integrable model to some corresponding negative
hierarchy through a set of nonlocal infinitely many symmetries which can be obtained from the kernels of a re-
versible recursion operator. However, to obtain the inverse of the known recursion operator is still a difficult work,
especially for the high dimensional system and the high order operator. Here, to obtain the negative HS-cKdV
hierarchy, we would like to employ one kind of method without the recursion operator [10].
Starting from the nonlocal symmetry from DT given by (2.23), we let
Ku0 (λ) ≡ −2(ψ1ψ2)x, Kv0(λ) ≡ ψ1ψ2x − ψ2ψ1x, (4.3)
where ψ1 and ψ2 are determined by Lax pair (2.1)-(2.4) with λ , 0. Because of the parameter λ being an arbitrary
constant, we can treat it as a small parameter and expand Ku0 (λ) and Kv0(λ) as a series in λ:
Ku0 (λ) =
∞∑
n=0
1
n!
∂n
∂λn
Ku0 (λ)
∣∣∣∣∣
λ=0
λn, Kv0(λ) =
∞∑
n=0
1
n!
∂n
∂λn
Kv0(λ)
∣∣∣∣∣
λ=0
λn, (4.4)
Substituting equation (4.4) into the corresponding symmetry definition equation of the HS-cKdV system (1.1)-
(1.2), we can conclude that
Kun (λ) =
1
n!
∂n
∂λn
Ku0 (λ)
∣∣∣∣∣
λ=0
λn, Kvn(λ) =
1
n!
∂n
∂λn
Kv0(λ)
∣∣∣∣∣
λ=0
λn, (4.5)
must also be a symmetry of the HS-cKdV system for all n (n = 0, 1, 2...). At the same time, we let ψ1 = ψ1(λ) and
ψ2 = ψ2(λ) have the formal series form
ψ1 =
∞∑
k=0
ψ1[k]λk, ψ2 =
∞∑
k=0
ψ2[k]λk, (4.6)
where ψ1[k] and ψ2[k] are λ independent and should be determined later.
Substituting (4.5) and (4.6) into (2.1) and (2.2), and collecting the coefficients of λ yields
(∂2 + u + v)ψ1[0] = 0, (∂2 + u + v)ψ1[k] = −ψ2[k − 1], (4.7)
(∂2 + u − v)ψ2[0] = 0, (∂2 + u − v)ψ2[k] = ψ1[k − 1]. (4.8)
Then, ψ1[k] and ψ2[k] can be solved recursively as
ψ1[k] = L−11 ψ2[k−1] = L−11 L−12 ψ1[k−2] · · · =

(L2L1)− k2 ψ1[0], k is even
(L2L1)− k−12 L−11 ψ2[0], k is odd
(4.9)
ψ2[k] = L−12 ψ1[k−1] = L−12 L−11 ψ2[k−2] · · · =

(L1L2)− k2 ψ2[0], k is even
(L1L2)− k−12 L−12 ψ1[0], k is odd
(4.10)
L1 = −∂2 − u − v, L2 = ∂2 + u − v,
which leads (4.6) to
ψ1 =
∞∑
k1=0,2,4···
(L2L1)−
k1
2 ψ1[0]λk1 +
∞∑
k2=1,3,5···
(L2L1)−
k2−1
2 L−11 ψ2[0]λk2 , (4.11)
ψ2 =
∞∑
k3=0,2,4···
(L1L2)−
k3
2 ψ2[0]λk3 +
∞∑
k4=1,3,5···
(L1L2)−
k4−1
2 L−12 ψ1[0]λk4 . (4.12)
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Finally, the set of the nonlocal symmetries can be obtained by substituting (4.11) and (4.12) into (4.5):
Kun = −2
∑n
k1=0,2,4···(Ξ1Ξ3)x − 2
∑n−1
k2=1,3,5···(Ξ2Ξ4)x,
Kvn =
∑n
k1=0,2,4···(Ξ1Ξ3x − Ξ3Ξ1x) +
∑n−1
k2=1,3,5···(Ξ2Ξ4x − Ξ4Ξ2x),
n is even, (4.13)

Kun = −2
∑n−1
k1=0,2,4···(Ξ1Ξ6)x − 2
∑n
k2=1,3,5···(Ξ2Ξ5)x,
Kvn =
∑n−1
k1=0,2,4···(Ξ1Ξ6x − Ξ6Ξ1x) +
∑n
k2=1,3,5···(Ξ2Ξ5x − Ξ5Ξ2x),
n is odd, (4.14)
where
Ξ1 = (L2L1)−
k1
2 ψ1[0], Ξ2 = (L2L1)−
k2−1
2 L−11 ψ2[0],
Ξ3 = (L1L2)−
n−k1
2 ψ2[0], Ξ4 = (L1L2)−
n−k2−1
2 L−12 ψ1[0],
Ξ5 = (L1L2)−
n−k2
2 ψ2[0], Ξ6 = (L1L2)−
n−k1−1
2 L−12 ψ1[0].
From the set of the nonlocal symmetries, the negative HS-cKdV hierarchy (the flow equations of the HS-cKdV
equation corresponding to the nonlocal symmetries) follows immediately:
ut = Kun , vt = Kvn,
L1ψ1[0] = 0, L2ψ2[0] = 0,
(4.15)
where Kun and Kvn are expressed by (4.13) and (4.14).
Using the Miura transformation [47, 48]
u = −1
2
Fxx − 14 F
2
x −
1
4
G2x, v = −
1
2
Gxx − 12 FxGx, (4.16)
the first one of negative HS-cKdV hierarchy (4.15) is transformed to a coupled sinh-Gordon equations:
Fxt = sinh(F) + f , Gxt = sinh(F) + g,
[(4s − 1) exp(F) − f ]Fx + [12 sinh(F) − g]Gx − fx = 0, (4.17)
[ f − g − 2s exp(F)](Fx −Gx) + fx − gx − 2s exp(F)Fx = 0.
with s is an arbitrary constant. When s = 14 and G = 0, (4.17) is just the usual sinh-Gordon equation.
Further, the complicated integrodifferential hierarchy (4.15) can be written as a simple equivalent differential
equation system ((L2L1)m+1Pm = ψ1[0], (L1L2)mL1Qm = ψ2[0])
ut = −2∑mj1=0(Ξ1Ξ3)x − 2∑m−1j2=0(Ξ2Ξ4)x,
vt =
∑m
j1=0(Ξ1Ξ3x − Ξ3Ξ1x) +
∑m−1
j2=0(Ξ2Ξ4x − Ξ4Ξ2x),
n = 2m is even, (4.18)

ut = −2∑mj1=0(Ξ1Ξ6)x − 2∑mj2=0(Ξ2Ξ5)x,
vt =
∑m
j1=0(Ξ1Ξ6x − Ξ6Ξ1x) +
∑m
j2=0(Ξ2Ξ5x − Ξ5Ξ2x),
n = 2m + 1 is odd, (4.19)
L1(L2L1)m+1Pm = 0, L2(L1L2)mL1Qm = 0, (4.20)
with
Ξ1 = (L2L1)m− j1+1Pm, Ξ2 = (L2L1)m− j2 Qm,
Ξ3 = (L1L2) j1 L1Qm, Ξ4 = (L1L2) j2+1L1Pm,
Ξ5 = (L1L2) j2 L1Qm, Ξ6 = (L1L2) j1 L1Pm.
In ref.[18], only the first negative HS-cKdV system is given. Now we provide the whole negative HS-cKdV
hierarchy by simple differential form.
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4.2. Lower-dimensional and Higher-dimensional integrable systems
From the nonlocal symmetry of the HS-cKdV system and Proposition 5 in Section 2, a nontrivial nonlocal
symmetry related to the spectral functions ψ1 and ψ2 can be obtained,
σN = (σuN , σvN) ≡
(
−
N∑
i=1
2ai(ψ1iψ2i)x,
N∑
i=1
ai(ψ1iψ2ix − ψ2iψ1ix)
)
(4.21)
where ai are constants, i = 1, 2, ..., N, and {ψ1i, ψ2i} are independent solutions of the Lax pair (2.1)-(2.4) with λ = 0.
A. Lower-dimensional integrable systems
Usually, every one symmetry of a higher dimensional model can lead the original one to its lower form. Now,
considering
ux = −
N∑
i=1
2ai(ψ1iψ2i)x, vx =
N∑
i=1
ai(ψ1iψ2ix − ψ2iψ1ix), (4.22)
as a symmetry constraint condition and acting it on the x-part of the Lax pair (2.1)-(2.2) for ψ1 = ψ1i and ψ2 = ψ2i,
we have the lower dimensional 2N-component differential system
ψ1iψ1ixxx − ψ1ixψ1ixx −
N∑
n=1
an(ψ1nψ2nx + 3ψ2nψ1nx)ψ21i = 0,
ψ2iψ2ixxx − ψ2ixψ2ixx −
N∑
n=1
an(ψ2nψ1nx + 3ψ1nψ2nx)ψ22i = 0. (4.23)
When N = 1, ψ10 = ψ1, ψ20 = ψ2, system (4.23) is the differential equations
ψ1ψ1xxx − ψ1xψ1xx − 3a1ψ21ψ2ψ1x − a1ψ31ψ2x = 0,
ψ2ψ2xxx − ψ2xψ2xx − 3a1ψ22ψ1ψ2x − a1ψ32ψ1x = 0, (4.24)
More especially, under the condition ψ1 = ψ2, system (4.24) becomes the elliptic equation
ψ21x = b0 + b1ψ21 + a1ψ41,
where b0 and b1 are arbitrary constants. So we call system (4.24) a coupled elliptic equation.
Substituting (4.22) into (2.3) and (2.4) and using (4.23), the t-part of the Lax pair becomes the generalized
2N-component coupled modified KdV (mKdV) system
ψ1it = −ψ1ixxx + 3
N∑
n=1
an(ψ1nψ2n)xψ1i − 3
N∑
n=1
an∂
−1
x (ψ1nψ2nx − ψ2nψ1nx)ψ1ix,
ψ2it = −ψ2ixxx + 3
N∑
n=1
an(ψ1nψ2n)xψ2i + 3
N∑
n=1
an∂
−1
x (ψ1nψ2nx − ψ2nψ1nx)ψ2ix. (4.25)
When N = 1, a1 = 1, ψ10 = ψ1, ψ20 = ψ2, system (4.25) is the generalized coupled mKdV equations,
ψ1t = −ψ1xxx + 3ψ1(ψ1ψ2)x − 3vψ1x,
ψ2t = −ψ2xxx + 3ψ2(ψ1ψ2)x + 3vψ2x, (4.26)
vx = ψ1ψ2x − ψ2ψ1x.
15
B. Higher-dimensional integrable systems
To obtain some higher dimensional integrable models, one may introduce some internal parameters. It is
obvious that system (1.1)-(1.2) are invariant under the internal parameter translation, say y translation. That is to
say (uy, vy) is also a symmetry of the HS-cKdV system. So we can use
uy = −
N∑
i=1
2ai(ψ1iψ2i)x, vy =
N∑
i=1
ai(ψ1iψ2ix − ψ2iψ1ix), (4.27)
as a generalized symmetry constraint condition.
Substituting (4.27) into the x-part of the Lax pair (2.1)-(2.2) for ψ1 = ψ1i and ψ2 = ψ2i yields a higher
dimensional 2N-component differential system
ψ1ixx − ψ1i
N∑
n=1
an∂
−1
y (ψ1nψ2nx + 3ψ2nψ1nx) = 0,
ψ2ixx − ψ2i
N∑
n=1
an∂
−1
y (ψ2nψ1nx + 3ψ1nψ2nx) = 0. (4.28)
When we take N = 1, a1 = 1, ψ10 = ψ1, ψ20 = ψ2, and use the same Miura transformation (4.16), the system (4.28)
also reduces to the same coupled sinh-Gordon equations with Eqs. (4.17).
Considering (4.27) and the x-part of the Lax pair (2.1)-(2.2) for ψ1 = ψ1i and ψ2 = ψ2i produces a higher
dimensional 2N-component differential system
ψ1it = −ψ1ixxx + 3
N∑
n=1
an∂
−1
y (ψ1nψ2n)xxψ1i − 3
N∑
n=1
an∂
−1
y (ψ1nψ2nx − ψ2nψ1nx)ψ1ix,
ψ2it = −ψ2ixxx + 3
N∑
n=1
an∂
−1
y (ψ1nψ2n)xxψ2i + 3
N∑
n=1
an∂
−1
y (ψ1nψ2nx − ψ2nψ1nx)ψ2ix. (4.29)
Taking N = 1, a1 = 1, ψ10 = ψ1, ψ20 = ψ2, the system (4.29) becomes
ψ1t = −ψ1xxx + 3ψ1∂−1y (ψ1ψ2)xx − 3ψ1x∂−1y (ψ1ψ2x − ψ2ψ1x),
ψ2t = −ψ2xxx + 3ψ2∂−1y (ψ1ψ2)xx + 3ψ2x∂−1y (ψ1ψ2x − ψ2ψ1x). (4.30)
For ψ1 = ψ2, y = x, system (4.30) reduces to the mKdV equation. So we call system (4.30) a coupled modified
ANNV equation.
5. Conclusions and discussions
In this paper, we pay close attention to nonlocal symmetries of the HS-cKdV system from DT and their appli-
cations. Some important and meaningful results are obtained.
In general, to search for nonlocal symmetries is an interesting but difficult work. Here, starting from the known
DT of the HS-cKdV system, some different types of nonlocal symmetries are derived directly. Besides, infinitely
many nonlocal symmetries can be obtained by introducing some internal parameters from the seed symmetry.
Our next objective is focused on how to localize the nonlocal symmetry related to the DT. In fact, for some
given nonlocal symmetries of the differential equation(s), whether these symmetries can be transformed to local
ones is still unknown. Fortunately, through introducing five potentials, the nonlocal symmetry obtained from the
DT is successfully localized to some local ones in our paper. This procedure leads the original HS-cKdV system
to be extend the prolonged system. In particular, using the Lie’s first theorem to these local symmetries, one can
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find that the corresponding finite symmetry transformations have different group parameters from the initial DT
but possess the same infinitesimal forms. Meanwhile, we also observe the fact that the DT of the HS-cKdV system
is closely related to the Mo¨bious transformation of its Schwartz form.
For the prolonged system, the general Lie symmetry transformations and the corresponding similarity reduc-
tions are considered. Some novel exact solutions of the HS-cKdV system are presented, which imply several
classes of exact interaction solutions among solitons and other complicated waves including periodic cnoidal
waves, Painleve´ waves and rational waves. Actually, it is very difficult to obtain these types of solutions from
the original DT by solving the spectral problem directly. The reason lies that to solve the spectral problem with the
seed solution being taken non-constant and non-soliton solutions is not an easy work usually. Therefore, a simple
alternative way is provided to construct some new solutions for the integrable models with the known DT.
The left work of this paper is to extend the HS-cKdV system to some new integrable models from the nonlocal
symmetry related to the DT in two aspects. In fact, the existence of infinitely many symmetries suggests the
existence of integrable hierarchies. By introducing the internal parameter, the negative HS-cKdV hierarchy is
obtained without the inverse of the known recursion operator. Using a Miura transformation, this hierarchy is
transformed to a coupled sinh-Gordon hierarchy. In addition, symmetry constraint approach is one of the most
powerful tools to give one new integrable models from known ones. Usually, using this method, one obtains the
lower dimensional integrable models from higher ones. Here, both lower and higher dimensional integrable models
are presented by means of the symmetry constraints.
Using the DT to search for nonlocal symmetries of integrable models and then applying them to construct exact
solutions and new integrable models are both of considerable interest. However, the concrete integrability for the
given lower and higher dimensional models is unknown. Moreover, in Ref[19], Lou et al. had made use of the
multi-DT to obtain some interesting nonlocal symmetries and constructed various lower and higher dimensional
integrable models. Now a natural problem is how to use those nonlocal symmetries related to the multi-DT to
obtain more novel solutions. These matters are worthy of further study.
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